Abstract
If there exists an arc from V 3 − N − (a) to N − (a) ∩ V 2 , then ab is contained in a 6-cycle. Consequently, we investigate finally the case that
We conclude from (1) and (2) that
a contradiction to the r-regularity of D, and the proof is complete.
Theorem 2.3. If D is an r-regular 3-partite tournament with r 3, then every arc of D is contained in a 5-, 6-, or 7-cycle.
Proof. Let V 1 , V 2 , and V 3 be the partite sets of D, and let a 1 b 1 be an arbitrary arc of D such that, without loss of generality, a 1 ∈ V 1 and b 1 ∈ V 2 . In view of Lemma 1.4, we note that |V 1 | = |V 2 | = |V 3 | = r. According to Theorem 2.2, the arc is contained in a 4-, 5-, or 6-cycle. If a 1 b 1 is contained in a 5-, or 6-cycle, then we are done.
If not, then a 1 b 1 is contained in a 4-cycle C 4 .
there is a 5-cycle through the arc a 1 b 1 . Thus, we assume in the following that
consists of one vertex, say w, and N + (b 2 )−{a 1 }=V 1 ∪{w}. If there is an arc from V 1 to V 3 − {w}, then a 1 b 1 is contained in a 6-cycle. It remains the case that (V 3 − {w}) → V 1 . For every vertex x ∈ (V 3 − {w}), it follows from (3) 
is contained in a 6-cycle. Thus, we assume in the following that
Case 2: Let C 4 =a 1 b 1 c 1 b 2 a 1 such that c 1 ∈ V 3 and b 2 ∈ V 2 . In this case we define
Then, there is exactly one vertex in V 3 , say u and exactly one vertex in V 1 , say w such that w → b 2 → u. If there is an arc from V 1 − {w} to V 3 − {u}, then a 1 b 1 is contained in a 6-cycle. It remains the case that (V 3 − {u}) → (V 1 − {w}). The r-regularity implies V 2 → (V 3 − {u}). If there is an arc from V 1 − {w} to V 2 or from u to V 2 , then a 1 b 1 is contained in a 7-cycle, and if there is an arc from c 1 to V 2 , then a 1 b 1 is contained in a 5-cycle. Otherwise, because of r 3,we deduce that
If there is an arc from V 3 to V 2 , then a 1 b 1 is contained in a 6-cycle. It remains the case that V 2 → V 3 . The r-regularity yields (V 1 ∪ {c 1 }) → V 2 . If there is an arc from c 1 to V 1 , then a 1 b 1 is contained in a 5-cycle. Hence, we assume that V 1 → c 1 . The r-regularity leads to b 1 → V 1 . If we choose a vertex x ∈ V 1 , then we arrive at the 5-cycle
If there is an arc from V 1 to V 2 , then a 1 b 1 is contained in a 6-cycle. It remains the case that V 2 → V 1 . The r-regularity yields V 3 → V 2 . If there is an arc from V 1 to V 3 , then a 1 b 1 is contained in a 7-cycle. If not, then it follows that N + (x) ⊇ (V 1 ∪ V 2 ∪ {b 2 }) for each x ∈ V 3 , and we arrive at the contradiction d
Since there exists an arc, say xy,
and thus, we obtain the contradiction If not, then we conclude that
and consequently, there is a 5-cycle through the arc a 1 b 1 .
If there is an arc from V 2 to V 3 , then a 1 b 1 is contained in a 6-cycle. Therefore, it remains the case that 1 }, and we arrive at the contradiction
If there is an arc from V 1 to V 3 , then a 1 b 1 is contained in a 6-cycle. Therefore, it remains the case that V 3 → V 1 . The r-regularity implies V 1 → V 2 . If there is an arc from V 2 to V 3 , then a 1 b 1 is contained in a 7-cycle. If not, then we arrive at the contradiction d
is contained in a 6-cycle. Therefore, it remains the case that
If there is an arc from a 2 to N − (a 1 ) ∩ V 2 , then we are done by Case 1. If not, then for {a 1 , a 2 , c 1 }) , and we arrive at the contradiction d + (x) r + 1. N − (a 1 )) , then we conclude that
This leads to the contradiction d + (y) r + 1 unless N − (a 1 ) ∩ V 2 consists of one vertex w. We deduce that there exists exactly one vertex in V 3 , say y, such that a 1 → y. If now x ∈ (V 3 − {y}), then we have 
The existence of a 6-cycle
In 1999, Yeo [7] proved that every regular c-partite tournament is vertex pancyclic when c 5. In addition, Yeo [8] proved that all, except possibly a finite number, regular 4-partite tournaments are vertex pancyclic. Example 1.2 shows that these statements are not valid for regular 3-partite tournaments in general. Thus, one can ask the question: which cycle lengths exist in all regular 3-partite tournaments? The next three known results show that every regular 3-partite tournament contains cycles of lengths 3, |V (D)| − 3, and |V (D)|.
Theorem 3.1 (Bondy [1]). Each strong c-partite tournament contains an m-cycle for each m ∈ {3, 4, . . . , c}.

Theorem 3.2 (Yeo [6]). Every regular multipartite tournament is Hamiltonian.
A digraph D is cycle complementary if there exist two vertex disjoint cycles C and C such that V (D)=V (C)∪V (C ).
Theorem 3.3 (Volkmann [4]). If D is a regular 3-partite tournament with |V (D)| 9, then D contains two complementary cycles of length 3 and |V (D)| − 3.
In this section, we shall prove that each regular 3-partite tournament with at least 6 vertices contains a cycle of length 6. If D has a 7-cycle C 7 , then we shall show that there exists a 5-or 6-cycle. cycle c 2 a 1 b 1 c 1 b 2 c 2 . If b 1 → c 2 , then there is the 5-cycle b 1 c 2 a 2 c 3 a 1 b 1 . In the remaining case, there exists the  5-cycle a 1 c 2 b 1 c 1 b 2 a 1 .
Now we discuss the case that D contains a 5-cycle C = C 5 . If, without loss of generality, then c 2 xya 1 c 1 b 2 c 2 is a 6 -cycle. Thus, it remains the case that
Combining this with the r-regularity of D we see that there exists exactly one vertex u ∈ V 1 with the property that (N − (a 1 ) ∩ V 3 ) .
then the r-regularity yields x → c 1 , and we arrive at the 6-cycle a 1 b 1 xc 1 b 2 c 2 a 1 . If c 1 → x, then x → b 2 , and there is the 6-cycle a 1 b 1 c 1 xb 2 c 2 a 1 . Therefore, we assume in the following that
then we arrive at the 6-cycle a 1 xyc 1 b 2 c 2 a 1 . It remains the case that N − (a 1 )) , a contradiction to the r-regularity of D. Hence, there exist two vertices then c 1 xyb 2 a 1 b 1 c 1 is a 6 -cycle. Thus, it remains the case that
, and we arrive at the 6-cycle
The r-regularity of D yields (V 1 − {u}) → c 2 , and we have found the 6-cycle
a 1 is a 6-cycle. Thus, we assume in the following that 
If there is an arc a 2 b 3 from 
Next assume that there is an arc a 2 c 3 from 
Case 4.1:
the r-regularity yields x → b 2 , and we arrive at the 6-cycle a 1 b 1 c 1 xb 2 c 2 a 1 . Thus, we assume that (N + (c 2 )∩V 1 ) → c 1 . N + (c 2 ) ) → c 1 . In every case, this leads to V 1 → c 1 and so, c 1 → V 2 . If there is an arc uv from V 2 to V 1 , then we arrive at the 6-cycle a 1 N − (a 1 )) . It follows from (6) and (7) 
